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Electromagnetic wave scattering by many parallel to z-axis, thin, perfectly conducting, circular inﬁnite
cylinders is studied asymptotically as a? 0. Let Dm be the cross-section of the mth cylinder, a be its
radius, and x^m ¼ ðxm1; xm2Þ be its center, 1 6m 6M, M =M(a). It is assumed that the points x^m are distrib-
uted so that
NðDÞ ¼ ln 1
a
Z
D
NðxÞdx½1þ oð1Þ;
where NðDÞ is the number of points x^m in an arbitrary open subset D of the plane xoy. The function
N(x)P 0 is a given continuous function. An equation for the self-consistent (efﬁcient) ﬁeld is derived as
a? 0. The cylinders are assumed perfectly conducting. A formula is derived for the effective refraction
coefﬁcient in the medium in which many cylinders are distributed. These cylinders may model nanowires
embedded in the medium. Our result shows how these cylinders inﬂuence the refraction coefﬁcient of the
medium.
 2011 Elsevier B.V. Open access under CC BY-NC-ND license. 1. Introduction
There is a large literature on electromagnetic (EM) wave scat-
tering by an array of parallel cylinders (see, e.g., [2], where there
are many references given, and [3]). Electromagnetic wave scatter-
ing by many parallel to z-axis, thin, perfectly conducting, circular,
of radius a, inﬁnite cylinders is studied in this paper asymptotically
as a? 0. The cylinders are thin in the sense ka 1, where k is the
wave number in the exterior of the cylinders,
The novel points in this paper include:
(1) The solution to the wave scattering problem is considered in
the limit a? 0 when the number M =M(a) of the cylinders
tends to inﬁnity at a suitable rate. The equation for the lim-
iting (as a? 0) effective (self-consistent) ﬁeld in the med-
ium is derived,
(2) This theory is a basis for a method for changing refraction
coefﬁcient in a medium. The thin cylinders model nanowires
embedded in the medium. The basic physical result of this
paper is formula (48), which shows how the embedded thin
cylinders change the refraction coefﬁcient n2(x).
Some extension of the author’s results [7–13] is obtained for EM
wave scattering by many thin perfectly conducting cylinders.-NC-ND license. Let Dm, 1 6m 6M, be a set of non-intersecting domains on a
plane P, which is xoy plane. Let x^m 2 Dm; x^m ¼ ðxm1; xm2Þ, be a point
inside Dm and Cm be the cylinder with the cross-section Dm and the
axis, parallel to z-axis, passing through x^m. We assume that x^m is
the center of the disc Dm if Dm is a disc of radius a.
Let us assume that the cylinders are perfect conductors. Let
a = 0.5diamDm. Our basic assumptions are
ka 1; ð1Þ
where k is the wave number in the region exterior to the union of
the cylinders, and
NðDÞ ¼ ln 1
a
Z
D
Nðx^Þdx^½1þ oð1Þ; a! 0; ð2Þ
whereNðDÞ ¼Px^m2D1 is the number of the cylinders in an arbitrary
open subset of the plane P, Nðx^ÞP 0 is a continuous function, which
can be chosen as we wish. The points x^m are distributed in an arbi-
trary large but ﬁxed bounded domain on the plane P. We denote by
X the union of domains Dm, byX0 its complement in P, and by D0 the
complement of D in P. The complement in R3 of the union C of the
cylinders Cm we denote by C0.
The EMwave scattering problem consists of ﬁnding the solution
to Maxwell’s equations
r E ¼ ixlH; ð3Þ
r  H ¼ ixE; ð4Þ
in C0, such that
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where oC is the union of the surfaces of the cylinders Cm, Et is the
tangential component of E, l and  are constants in C0, x is the
frequency, k2 =x2l, k is the wave number. Denote by n20 ¼ l, so
k2 ¼ x2n20. The solution to (3)–(5) must have the following form
EðxÞ ¼ E0ðxÞ þ vðxÞ; x ¼ ðx1; x2; x3Þ ¼ ðx; y; zÞ ¼ ðx^; zÞ; ð6Þ
where E0(x) is the incident ﬁeld, and m is the scattered ﬁeld satisfy-
ing the radiation conditionﬃﬃ
r
p ov
or
 ikv
 
¼ oð1Þ; r ¼ ðx21 þ x22Þ1=2; ð7Þ
and we assume that
E0ðxÞ ¼ eijyþik3ze1; j2 þ k23 ¼ k2; ð8Þ
{ej}, j = 1,2,3, are the unit vectors along the Cartesian coordinate
axes x, y, z. We consider EM waves with H3:¼Hz = 0, i.e., E-waves,
or TH waves,
E ¼
X3
j¼1
Ejej; H ¼ H1e1 þ H2e2 ¼ r Eixl : ð9Þ
One can prove (see Appendix A) that the components of E can be ex-
pressed by the formulas:
Ej ¼ ik3j2 uxje
ik3z; j ¼ 1;2; E3 ¼ ueik3z; ð10Þ
where uxj :¼ ouoxj ;u ¼ uðx; yÞ solves the problem
ðD2 þ j2Þu ¼ 0 in X0 ð11Þ
ujoX ¼ 0; ð12Þ
u ¼ eijy þw; ð13Þ
and w satisﬁes the radiation condition (7). Similar calculations are
done with Borgnis potentials (see, e.g., [1]). The unique solution
to (3)–(8) is given by the formulas:
E1 ¼ ik3j2 ux e
ik3z; E2 ¼ ik3j2 uy e
ik3z; E3 ¼ ueik3z; ð14Þ
H1 ¼  ixj2 uye
ik3z; H2 ¼ ixj2 uxe
ik3z; H3 ¼ 0; ð15Þ
where ux :¼ ouox, uy is deﬁned similarly, and u ¼ uðx^Þ ¼ uðx; yÞ
solves scalar two-dimensional problem (11)–(13). These formulas
are derived in Appendix A for convenience of the reader.
Problem (11)–(13) has a unique solution (see, e.g., [4]).
Our goal is to derive an asymptotic formula for this solution as
a? 0. Our results include formulas for the solution to the scatter-
ing problem, derivation of the equation for the effective ﬁeld in the
medium obtained by embedding many thin perfectly conducting
cylinders, and a formula for the refraction coefﬁcient in this limit-
ing medium. This formula shows that by choosing suitable distri-
bution of the cylinders, one can change the refraction coefﬁcient,
one can make it smaller than the original one.
The paper is organized as follows.
In Section 2 we derive an asymptotic formula for the solution to
(11)–(13) when M = 1, i.e., for scattering by one cylinder.
In Section 3 we derive a linear algebraic system for ﬁnding some
numbers that deﬁne the solution to problem (11)–(13) with M > 1.
Also in Section 3 we derive an integral equation for the effective
(self-consistent) ﬁeld in the medium with M(a)?1 cylinders as
a? 0. At the end of Section 3 these results are applied to the prob-
lem of changing the refraction coefﬁcient of a given material by
embedding many thin perfectly conducting cylinders into it.
In Section 4 conclusions are formulated.
In Appendix A, formulas (14) and (15) are derived.2. EM wave scattering by one thin perfectly conducting cylinder
Consider problem (11)–(13) with X = D1, X0 being the comple-
ment to D1 in R2. Assume for simplicity that D1 is a circle
x21 þ x22 6 a2.
Let us look for a solution of the form
u ¼ eijy þ
Z
S1
gðx^; tÞrðtÞdt; gðx^; tÞ :¼ i
4
Hð1Þ0 ðjjx^ tjÞ; ð16Þ
where S1 is the boundary of D1, H
ð1Þ
0 is the Hankel function of order
1, with index 0, and r is to be found from the boundary condition
(12). It is known (see, e.g., [5]) that
gðjrÞ ¼ aðjÞ þ 1
2p
ln
1
r
þ oð1Þ; as r ! 0; ð17Þ
where
aðjÞ :¼ i
4
 1
2p
ln
2
j
þ c
2p
; ð18Þ
and c is Euler’s constant, c =  C0(1) = 0.5772 . . . , C(z) is the gam-
ma-function. The function (16) satisﬁes Eqs. (11) and (13) for any
r, and if r is such that function (16) satisﬁes boundary condition
(12), then u solves problem (11)–(13). We assume r sufﬁciently
smooth (Hölder-continuous is sufﬁcient).
The solution to problem (11)–(13) is known to be unique (see,
e.g., [4]). Boundary condition (12) yields
 u0ðsÞ ¼ aðjÞQ þ
Z
S1
g0ðs; tÞrðtÞdt; Q :¼
Z
S1
rðtÞdt; ð19Þ
u0ðsÞ :¼ eijs2 ; s 2 S1; g0ðs; tÞ ¼
1
2p
ln
1
rSt
; rst :¼ js tj: ð20Þ
If ka 1; k2 ¼ j2 þ k23, then
u0ðsÞ ¼ 1þ OðjaÞ:
Eq. (19) is uniquely solvable for r if a is sufﬁciently small [5].
We are interested in ﬁnding asymptotics of Q as a? 0, because
uðx^Þ in (16) can be well approximated in the region jx^j  a by the
formula
uðx^Þ ¼ u0ðx^Þ þ gðx^;0ÞQ þ oð1Þ; a! 0;
u0ðx^Þ ¼ eijx2 ; x2 ¼ y:
ð21Þ
To ﬁnd asymptotics of Q as a? 0, let us integrate Eq. (19) over S1
and obtain
u0ð0ÞjS1j ¼ aðjÞQ jS1j 
Z
S1
dtrðtÞ 1
2p
Z
S1
ln rst ds; ð22Þ
where jS1j is the length of S1, jS1j = 2pa if S1 is the circle jx^j ¼ a, and
rst = js  tj. Denote
I :¼ 1
2p
Z
S1
ln rst dt ¼ Oða ln aÞ; a! 0: ð23Þ
If S1 is the circle jx^j ¼ a, integral (23) can be calculated analytically:
I ¼ a
2p
Z 2p
0
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2a2  2a2 cosðwuÞ
q
du
¼ a
2p
Z 2p
0
ln
ﬃﬃﬃﬃﬃﬃﬃﬃ
2a2
p
duþ a
2p
Z 2p
0
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 sin2
wu
2
r
du: ð24Þ
Thus,
I ¼ a lnð
ﬃﬃﬃ
2
p
aÞ þ a ln 2
2
þ a
2p
Z 2p
0
ln j sinwu
2
jdu: ð25Þ
One can derive thatZ 2p
0
ln j sinwu
2
jdu ¼ 2
Z p
0
ln j sin hjdh ¼ 2p ln 2: ð26Þ
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J ¼
Z p
0
ln 2 sin
h
2
cos
h
2
 dh
¼ p ln 2þ
Z p
0
ln sin
h
2
dhþ
Z p
0
ln cos
h
2
dh ¼ p ln 2þ 2J:
Thus, J =  p ln 2. From (24) and (26) one gets
I ¼ a ln a 1þ O 1j ln aj
  
; a! 0: ð27Þ
From (22) and (27) it follows that
Q ¼ 2pu0ð0Þ
ln 1a
1þ O 1j ln aj
  
; a! 0: ð28Þ
Therefore, the asymptotic solution to the scattering problem (11)–
(13) in the case of one circular cylinder of radius a, as a? 0, is
uðx^Þ ¼ u0ðx^Þ  2pln 1a
gðx^;0Þu0ð0Þ þ oð1Þ; a! 0; jx^j > a: ð29Þ
Electromagnetic wave, scattered by the single cylinder, is calculated
by formulas (14) and (15) in which u ¼ uðx^Þ :¼ uðx1; x2Þ is given by
formula (29).
3. Wave scattering by many thin cylinders
Problem (11)–(13) should be solved when X is a union of many
small domains Dm;X ¼ [Mm¼1Dm. We assume that Dm is a circle of
radius a centered at the point x^m.
Let us look for u of the form
uðx^Þ ¼ u0ðx^Þ þ
XM
m¼1
Z
Sm
gðx^; tÞrmðtÞdt: ð30Þ
We assume that the points x^m are distributed in a bounded
domain D on the plane P = xoy by formula (2). The ﬁeld u0ðx^Þ is the
same as in Section 2, u0ðx^Þ ¼ eijy, and Green’s function g is the same
as in formulas (16)–(18). It follows from (2) thatM ¼ MðaÞ ¼ Oðln 1aÞ:
We deﬁne the effective ﬁeld, acting on the Dj by the formula
ue ¼ uðjÞe ¼ uðx^Þ 
Z
Sj
gðx^; tÞrjðtÞdt; jx^ x^jj > a; ð31Þ
which can also be written as
ueðx^Þ ¼ u0ðx^Þ þ
XM
m¼1;m–j
Z
Sm
gðx^; tÞrmðtÞdt:
We assume that the distance d = d(a) between neighboring cylin-
ders is much greater than a:
d a; lim
a!0
a
dðaÞ ¼ 0: ð32Þ
Let us rewrite (30) as
u ¼ u0 þ
XM
m¼1
gðx^; x^mÞQm þ
XM
m¼1
Z
Sm
½gðx^; tÞ  gðx^; x^mÞrmðtÞdt; ð33Þ
where
Qm :¼
Z
Sm
rmðtÞdt: ð34Þ
As a? 0, the second sum in (33) (let us denote it R2) is negligible
compared with the ﬁrst sum in (33), denoted R1,
jR2j  jR1j; a! 0: ð35Þ
The proof of this is similar to the one given in [6] for a similar prob-
lem in R3.Let us check that
jgðx^; x^mÞQmj 
Z
Sm
½gðx^; tÞ  gðx^; xmÞrmðtÞdt
 ; a! 0: ð36Þ
If kjx^ x^mj  1, and k > 0 is ﬁxed then
jgðx^; x^mÞj ¼ O 1jx^ x^mj1=2
 !
; jgðx^; tÞ  gðx^; xmÞj
¼ O a
jx^ x^mj1=2
 !
;
and Qm– 0, so estimate (36) holds.
If
jx^ x^mj  d a;
then
jgðx^; x^mÞj ¼ O 1ln 1a
 !
; jgðx^; tÞ  gðx^; xmÞj ¼ O ad
 	
;
as follows from the asymptotics of H10ðrÞ ¼ Oðln 1rÞ as r? 0, and from
the formulas dH
1
0ðrÞ
dr ¼ H11ðrÞ ¼ Oð1rÞ as r? 0. Thus, (36) holds for
jx^ x^mj  d a.
Consequently, the scattering problem is reduced to ﬁnding
numbers Qm, 1 6m 6M.
Let us estimate Qm asymptotically, as a? 0. To do this, we use
the exact boundary condition on Sm, which yields
ueðsÞ ¼
Z
Sj
gðs; tÞrjðtÞdt; s 2 Sj: ð37Þ
The function ue(s) is twice differentiable, so
ueðsÞ ¼ ueðx^jÞð1þ OðkaÞÞ:
Neglecting the term O(ka) as a? 0, rewrite Eq. (37) as
ueðx^jÞ ¼
Z
Sj
gðs; tÞrjðtÞdt: ð38Þ
This equation is similar to (19): the role of u0(0) is played by ue(xj).
Repeating the argument, given in Section 2, one obtains a formula,
similar to (28):
Qj ¼ 
2pueðx^jÞ
ln 1a
½1þ oð1Þ; a! 0: ð39Þ
Formula, similar to (29), is
uðx^Þ ¼ u0ðx^Þ  2pln 1a
XM
m¼1
gðx^; x^mÞueðx^mÞ þ oð1Þ: ð40Þ
The numbers ueðx^mÞ, 1 6 m 6 M, in (40) are not known. Setting
x^ ¼ x^j in (40), neglecting o(1) term, and using the deﬁnition (31)
of the effective ﬁeld, one gets a linear algebraic system for ﬁnding
numbers Qm:
ueðx^jÞ ¼ u0ðx^jÞ  2pln 1a
X
m–j
gðx^j; x^mÞueðx^mÞ; 1 6 j 6 M: ð41Þ
This system can be solved numerically if the number M is not very
large, say M 6 O(103).
If M is very large, M =M(a)?1, a? 0, then we derive a linear
integral equation for the limiting effective ﬁeld in the medium ob-
tained by embedding many cylinders.
Passing to the limit a? 0 in system (41) is done as in [13]. Con-
sider a partition of the domain D into a union of P small cubes Dp,
of size b = b(a), b d a. For example, one may choose b = O(a1/4),
d = O(a1/2), so that there are many discs Dm in the cube Dp. We as-
sume that cubes Dp and Dq do not have common interior points if
p– q. Let yˆp be the center of Dp. One can also choose as yˆp any
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one may approximate ueðx^mÞ by ue(yˆp), provided that x^m  Dp.
The error of this approximation is o(1) as a? 0. Let us rewrite
the sum in (41) as follows:
2p
ln 1a
X
m–j
gðx^j; x^mÞueðx^mÞ ¼ 2p
XP
p¼1
xjRDp
gðx^j; y^pÞueðy^pÞ 1ln 1a
X
xm2Dp
1; ð42Þ
and use formula (2) in the form
1
ln 1a
X
xm2Dp
1 ¼ Nðy^pÞjDpj½1þ oð1Þ: ð43Þ
Here jDpj is the volume of the cube Dp.
From (42) and (43) one obtains:
2p
ln 1a
X
m–j
gðx^j; x^mÞueðx^mÞ ¼ 2p
XP
p¼1
x^jRDp
gðx^j; y^pÞNðy^pÞueðy^pÞjDpj½1þ oð1Þ:
ð44Þ
The sum in the right-hand side in (44) is the Riemannian sum for
the integral
lim
a!0
XP
p¼1
gðx^j; y^pÞNðy^pÞueðy^pÞjDpj
¼
Z
D
gðx^; y^ÞNðy^Þuðy^Þdy; uðx^Þ ¼ lim
a!0
ueðx^Þ: ð45Þ
Therefore, system (41) in the limit a? 0 yields the integral equa-
tion for the limiting effective ﬁeld
uðx^Þ ¼ u0ðx^Þ  2p
Z
D
gðx^; y^ÞNðy^Þuðy^Þdy^: ð46Þ
One obtains system (41) if one solves Eq. (46) by a collocation
method. Convergence of this method to the unique solution of Eq.
(46) is proved in [10]. Existence and uniqueness of the solution to
Eq. (46) are proved as in [6], where a three-dimensional analog of
this equation was studied.
Applying the operator D2 + j2 to Eq. (46) yields the following
differential equation for uðx^Þ:
D2uðx^Þ þ j2uðx^Þ  2pNðx^Þuðx^Þ ¼ 0: ð47Þ
This is a Schrödinger-type equation, and uðx^Þ is its scattering solu-
tion corresponding to the incident wave u0 = eijy. Let us assume that
N(x) = N is a constant. One concludes from (47) that the limiting
medium, obtained by embedding many perfectly conducting circu-
lar cylinders, has new parameter j2N :¼ j2  2pN. This means that
k2 ¼ j2 þ k23 is replaced by ~k2 :¼ k2  2pN. The quantity k23 is not
changed. One has ~k2 ¼ x2n2, k2 ¼ x2n20. Consequently, n2=n20 ¼
ðk2  2pNÞ=k2. Therefore, the new refraction coefﬁcient n2 is
n2 ¼ n20ð1 2pNk2Þ; ð48Þ
Since the number N > 0 is at our disposal, Eq. (48) shows that choos-
ing suitable N one can create a medium with a smaller, than n20,
refraction coefﬁcient.
In practice one does not go to the limit a? 0, but chooses a suf-
ﬁciently small a. As a result, one obtains a medium with a refrac-
tion coefﬁcient n2a , which differs from (48) a little, lima!0n
2
a ¼ n2:4. Conclusions
Asymptotic, as a? 0, solution is given of the EM wave scatter-
ing problem by many perfectly conducting parallel cylinders of ra-
dius a. The equation for the effective ﬁeld in the limiting medium
obtained when a? 0 and the distribution of the embedded cylin-
ders is given by formula (2). The presented theory gives formula
(48) for the refraction coefﬁcient in the limiting medium. This for-
mula shows how the distribution of the cylinders inﬂuences the
refraction coefﬁcient.Appendix A
Let us derive formulas (14) and (15). Look for the solution to (3)
and (4) of the form:
E1 ¼ eik3zeE1ðx; yÞ; E2 ¼ eik3zeE2ðx; yÞ; E3 ¼ eik3zuðx; yÞ; ð49Þ
H1 ¼ eik3z eH1ðx; yÞ; H2 ¼ eik3z eH2ðx; yÞ; H3 ¼ 0; ð50Þ
where k3 = const. Eq. (3) yields
uy  ik3eE2 ¼ ixleH1; ux  ik3eE1 ¼ ixleH2; eE2;x ¼ eE1;y; ð51Þ
where, e.g., eEj;x :¼ oeEjox . Eq. (4) yields
ik3 eH2 ¼ ixeE1; ik3 eH1 ¼ ixeE2; eH2;x ¼ eH1;y: ð52Þ
Excluding eHj, j ¼ 1;2, from (51) and using (52), one gets
eE1 ¼ ik3j2 ux; eE2 ¼ ik3j2 uy; eE3 ¼ u; ð53ÞeH1 ¼  ixj2 uy; eH2 ¼ ixj2 ux; eH3 ¼ 0: ð54Þ
Since Ej ¼ eEjeik3z and Hj ¼ eHjeik3z, formulas (14) and (15) follow
immediately from (53) and (54).References
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